Using CORSIKA simulations of the highest energy extensive air showers we show that all showers are similar when described by the shower age parameter: the angular and energy spectra of electrons at a given level in the atmosphere depend only on the shower age at this level. Moreover, electrons with a given energy have the same angular distributions at any level (age) of the shower. We have calculated these distributions and found analytical functions describing them quite well. The total number of particles can also be described in a simple way as a function of age by two halves of a Gaussian function with the widths, however, fluctuating from one shower to another. The description of large showers in terms of age (instead of depth in the atmosphere) is very useful in interpreting data from experiments observing fluorescence light, with admixture of Cherenkov, induced by the showers in the air.
Introduction
Cosmic rays (CR) of the highest energies can be studied only by observations of the extensive air showers (EAS) induced by them in the atmosphere. Of particular interest is the ultrahigh energy region (E > 10 19 eV) where more information can be deduced from the energy spectrum and/or CR arrival directions than it can be done at lower energies: an observation of a cutoff in the energy spectrum at about 5 × 10 19 eV would practically settle the problem of CR origin at these energies-they should be extragalactic; moreover, if CR are protons or light nuclei they should eventually point out towards their sources. So far, however, neither of the two questions has been solved: the energy spectra measured by the two recent experiments, AGASA [1] and HiRes [2] , are not conclusive; AGASA observation of some clustering of the shower arrival directions [3] has not been confirmed by HiRes. More data are needed and these will be supplied by the Pierre Auger Observatory [4] in construction, which by 2006 should have an area of 3000 km 2 covered by detectors, i.e. about 30 times bigger than that of AGASA.
This work has been motivated by an attempt to understand the EAS and to be able, despite their fluctuating development in the atmosphere, to reconstruct properly the primary energy on the shower by shower basis. Observations of the fluorescence light excited in the atmosphere by the charged particles of a shower, allow us to reconstruct its cascade curve N(X), i.e. the particle number N as a function of the slant depth X in the atmosphere. However, the transition from the observed light to the number of particles is not quite straightforward: the fluorescence light excited by an electron depends (although weakly) on its energy, also the light detected by a telescope contains a non-negligible fraction of Cherenkov photons. To take these effects into account one has to know the energy-and angular distribution of the shower electrons at any (observed) level in the atmosphere. In our earlier paper [5] we have shown that the shape of the electron energy spectrum at a given level in the atmosphere depends only on the shower age parameter at this level. This allows us to predict exactly the number of fluorescence and Cherenkov photons per one electron produced in a unit path length, once the shower age of the observed level is known. The fluorescence light depends on the shower age only, whereas the Cherenkov light-also on the height in the atmosphere (as the threshold for this effect does depend on it). These yields do not fluctuate from shower to shower in such large showers, so that they can be calculated once forever and applied to any observed shower to deduce N(X).
In this paper we study further the shower properties as functions of the shower age s, such as the total number of charged particles N(s), and the angular distribution of shower electrons, having in mind applications of our findings to the shower reconstruction in experiments such as the Pierre Auger Observatory and HiRes. The aim of this paper is just to show that due to the similarity of showers, this task is, in principle, easy to do.
Energy spectra of electrons
The energy and angular distributions of charged particles (electrons and positrons, to be called simply electrons in what follows) in pure electromagnetic cascades were studied in some detail by Hillas [7] , in the context of understanding the Cherenkov radiation emitted in air by primary gamma rays with energies (0.1-1) TeV. The advent of fast computers made it then possible to use Monte Carlo method to simulate development of individual cascades with exact cross sections for all relevant processes, what, of course, is not possible by analytical approaches. From the latter it was known that the energy spectra of electrons in an electromagnetic cascade, as well as their angular distributions, should depend only on the age parameter s g , defined as:
, where t is the slant depth in the atmosphere in cascade units, E 0 the energy of the primary photon and β the critical energy of the air. The exact shapes had to be obtained, however, by simulations. It was not clear [8] how these distributions would behave in hadronic extensive air showers, being a superposition of many such cascades initiated on various depths by photons with various energies. It has turned out that the age parameter s, defined for depth X of a hadronic shower in an analogous way as s g [8] , namely
where X max is the depth of the shower maximum, describes very well the shower as a whole. It has been shown by us [5] and independently by Nerling et al [6] that for large showers the shape of the energy spectrum of electrons at a given level X in the atmosphere depends only on the shower development stage at this level, i.e. on its age s. The shape of the spectrum at a given age s is the same independently of the nature of the primary particle (proton or iron) and its primary energy. For big showers, where the number of particles in a given energy bin is large, the spectrum practically does not fluctuate from shower to shower. What does fluctuate (for a fixed primary energy) is the total number of particles N(s) (see section 4) but not the shape of the energy spectrum. Thus, in the sense of the energy spectra of electrons, all large showers are similar. We have shown [5] that this fact turns out to be very useful in the air shower experiments based on observations of the fluorescence light excited in the atmosphere by shower charged particles: as it is believed that the fluorescence yield of a particle is proportional to its energy loss for ionization (what in turn depends on the particle energy), the total fluorescence flux (as observed by a pixel of the telescope camera) would depend on the energy spectrum of particles at the observed level s. These spectra have been fitted by an analytical function (different in [5, 6 ]) with some s-dependent parameters, so that they can be easily used.
Angular distribution of electrons
As the electron angles with respect to the shower axis depend mainly on the Coulomb scattering process, where the scattering angles are inversely proportional to the particle energy, one would expect that also the angular distribution of electrons at a given level depends only on the shower age at this level. This is actually the case-we have already shown in [9] that the two-dimensional energy and angle distribution of electrons, F (E, θ; s), (normalized to 1) at a given level depends on the shower age s at this level only. Again, it does not depend on the primary particle mass or on its energy.
What we show here is something more: the whole dependence of the distribution F (E, θ; s) on the shower age s is contained in the energy distribution of electrons f (E; s), so that
where g(θ; E) is the angular distribution of electrons of a given energy, defined as follows:
This means that electrons of a given energy E have the angular distribution independent of the shower age. Actually, it is not so surprising. In a large shower any electron with a given energy E arises from a particle (electron or photon) with a much larger energy. The angles of the parents are much smaller than those of their daughters. As, on average, the angles add in quadrature, the angular distribution of the parent particles is irrelevant to that of the daughter with a much smaller energy E, the latter depending on the latest Coulomb scatterings, bremsstrahlung and/or pair production. Figure 1 shows the angular distribution of electrons, g(θ; E), obtained with the CORSIKA [10] simulations, for three various energy bins ( log E = 0.1), corresponding to energies around 20 MeV, 200 MeV and 2 GeV. For each energy three curves are drawn, for s = 0.8, 1.0 and 1.2. In the regions where there are many particles the curves for different s are not to be distinguished from each other.
The knowledge about the angular distributions of particles in the shower is necessary in experiments detecting the showers by the light they produce when passing through the atmosphere (as it has been discussed in the introduction), particularly when it is necessary to predict the contribution of the direct Cherenkov light to the fluorescence flux (see section 5). To this end we have fitted the angular distributions g(θ; E) by some analytical functions of
, with four parameters, as follows,
for x < 2.7 The root mean square angle, θ rms , as a function of energy is shown in figure 2 . The flattening of the θ rms for E > 1 GeV is an artefact, as our smallest angular bin is θ 1
• . The four independent parameters a 1 , c 1 , c 2 and α (a 2 is determined by the matching condition of the two functions at x = 2.7) have been found for the consequent energy bins ( log E = 0.1, starting from log(E/GeV) = −1.65 (E = 22 MeV), up to −0.05 (891 MeV)) as fitting best the above analytical form to the simulations. Their values as function of energy are presented in figure 3 as the points. The scatter around a smooth behaviour is caused by small calculation inaccuracies due to the numbers of particles (in bins at large angles) being not large enough. For practical reasons we have found the polynomials of log E fitting best the points (see the
log(E/GeV) 
log(E/GeV) appendix). Figure 4 represents the angular distribution of electrons, g(θ; E), averaged over log E = 0.1, for several energy bins. The histograms correspond to simulations, the lines are the analytical curves with the parameters described by the polynomials (so that for a given histogram, the lines do not correspond to the best parameters for this histogram). Our aim is to describe the electron angular distributions well not only for those angles where there are most particles (per unit solid angle), i.e. for small angles, but also for larger angles (say x > 2), so in our best fitting procedure we assumed 'the error' in the fraction of particles in each angular bin (1 • ) as 10%. Thus, the value of 'χ 2 ' given at each graph in figure 4 gives an idea how good the fit is with the parameters taken from the polynomials. We can see that the fit is quite good, hoping that it is good enough for most applications (otherwise one can use the histograms themselves). The fit could be even better if we relaxed the fixed value x = 2.7 in (4), the same for any energy bin. However, for simplicity reasons, in order to avoid too many parameters, we have fixed it at this value chosen 'by eye'.
The energy range we are dealing with is determined by the application concerning the Cherenkov contribution in the fluorescence air shower experiments, as described in the introduction. The energy threshold for the Cherenkov light to be emitted in the air by an electron is about 21 MeV at see level (increasing as X −1/2 ), thus our lower limit in energy. The upper limit is determined by the electron angles of interest (larger than about 1
• ) which is reached, as is seen from figure 2, at about 1 GeV. rms (E) for several values of their energy: for the upper-left plot, log E = −(1.6-1.5); each next graph corresponds to an increase of log E by 0.3 (∼ factor of 2 in energy), so that the bottom-right is for log E = −0.1-0.
Summarizing this section, as it concerns the angular distribution of electrons with a given energy, all large showers are the same-this distribution does not even depend on the shower development stage (age). The angular distribution of all electrons does depend on the shower age (only), as the contribution of g(θ; E) with various energies changes, of course, with the shower age (the energy spectra become steeper). The age parameter s describes uniquely the energy-and angular distributions of electrons in large showers.
Total number of particles N (s)
The total number of particles N(X), which are mainly electrons (in the largest showers, here in consideration, the fraction of muons is about (2-3)% ) has been usually described by the analytical (gamma) function of the slant depth X in the atmosphere, proposed by Gaisser and Hillas [11] :
with four free parameters: N max , X max , X 1 and λ. In principle X 1 should be the depth where the shower starts to develop, i.e. the depth of the first interaction of the primary particle. However, the best fit to the simulated showers gives mainly negative values of X 1 , so that a good description near shower maximum does not give a good fit at the shower beginning. Moreover, sometimes the four parameters do not describe well enough the simulated showers and the parameter λ has been assumed to be a quadratic function of X, increasing the number of the fitted parameters to 6. As the age parameter s describes so well the energy-and angular distributions of electrons, we thought it worth checking how the total number of particles depends on it. It is not so that the shape of N(s) dependence is unique; it does fluctuate from shower to shower. However, we have found that for any shower (primary proton or iron, E = 10 19 , 10 20 eV) N(s) can be described very well by two halves of Gaussian distributions:
for s > 1.
Thus, the longitudinal development of any shower can be described again by four parameters: N max , X max (to determine s(X)), σ 1 and σ 2 . A comparison of our new parametrization with that of the four-and six-parameter Gaisser-Hillas is shown in figure 5 , where we have drawn the ratios of simulated N(s) to the fitted values, for four more or less typical showers, each one for primary proton or iron, both with energies 10 19 eV and 10 20 eV. The differences between the fitted and simulated N(s) are seen only there where the number of particles is very small. Our two-Gaussian fit seems to be a little better for primary iron nuclei than the four-parameter Gaisser-Hillas, whereas for protons it is the opposite. Of course, the six-parameter Gaisser-Hillas is the best. These differences, however, do not play an important role in the final aim to study the cascade curves-the determination of the primary energy, or rather of its part, E em , going to the electromagnetic component (which, for the largest showers in consideration here, is 80-90% of the primary energy), to be calculated as follows:
where dE dX is the mean energy deposit rate (per one particle) in the atmosphere at level s. It is a (very weak) function of s only (as the energy-and angular distributions of electrons depend on s only), so that it can be calculated once forever and applied to any shower. The above integrals, with the curves N(s(X)) fitted to simulations with any of the three possibilities considered, differ from the integrals over the simulated values by much less than 1%, what is much too well considering other experimental inaccuracies. However, one has to fit some analytical curves not to the simulated showers but to the observed ones, in the form of light arriving at the telescope from the consequent parts of the shower track. These observed light fluxes fluctuate much more than the simulated number of particles, so that fitting a six-parameter N(X) is no good. One has to use as few parameters as possible, and the two-Gaussian form is our proposition.
Moreover, we studied the correlations between the X max and the both sigmas. The both sigmas are negatively correlated with X max . Figure 6 shows values of the fitted σ 1 and σ 2 for several proton and iron initiated showers versus X max . The deeper a shower develops the narrower is the dependence N(s), as the two sigmas are positively correlated with each other (see figure 7) . In figures 6 and 7 there are also values for pure electromagnetic cascades of lower energies (10 17 and 10 18 eV). These are the components of the higher energy showers constituted of many cascades. First we thought that the scatter in the correlation plots (figure 6) might be produced mainly by fluctuations in the hadronic processes. However, as one can see from the result for the gamma initiated cascades this is not quite so, as the fluctuations in these pure electromagnetic cascades are not much smaller than those in the hadronic showers.
The correlations between X max , σ 1 and σ 2 can be used in the reconstruction procedure of showers (see below).
Application to shower reconstruction
In a fluorescence detector the telescope camera consists of many pixels (PMTs), each having a small field of view and observing a small element of a shower track (440 pixels, with roughly 1.5
• diameter in the Auger experiment). A distant shower is then seen as a line of 'fired' pixels on the camera, each detecting the light flux from its field of view. Usually, most of the light is fluorescence, with some admixture of the Cherenkov which, however, cannot be neglected. The fluorescence light emitted by any small path element of a single electron is isotropic, so that the light emitted by all electrons in a shower track element will also be isotropic, independently of the angular distributions of electrons at this point. With the Cherenkov (Ch) light, however, the situation is different. As is well known, it is emitted at very small angles with respect to the particle direction (<1
• in the air). The main Ch problem is that this light is scattered by the atmosphere aside, so that it adds to the fluorescence light observed at large angles to the shower axis. As the scattering is mainly by the Rayleigh process (at least high in the atmosphere), i.e. by large angles, and the particles propagate at rather small angles with respect to shower axis (see figure 2) , the scattered Ch light has practically the same angular distribution as if all particles travelled exactly along the shower axis (the mean square angle of particles and Rayleigh distribution add to get that of the scattered light). There are, however, a fraction of showers with axes inclined by angles, say, less than 30
• to the telescope line of sight, and then the Ch light just produced at the observed shower path element (the so-called, direct Ch light), may even exceed the fluorescence flux. This directly produced Ch flux has the angular distribution (down to angles less than, say, 3
• ) practically the same as that of the electrons. To reconstruct a shower, i.e. to find N(X), one has to be able to predict the amount of the Ch contribution for any track element of a shower. Thus, the number of photons n i emitted towards the camera ith pixel, seeing the shower track element X i at depth X i , collecting light from the (small) solid angle at an angle θ i to the shower axis, consists of the two components: the fluorescence and the Cherenkov light:
where k is the proportionality constant between the number of fluorescence photons emitted per unit path (in g cm −2 ) and the energy loss rate for ionization (see [12] for details):
where ρ i is the air density and dE dX is taken for the age s i of the shower level X i . The second term in (8) consists again of two components: the direct and the scattered Ch light. The number of the direct Ch photons (produced in the field of view) equals
where Y ch (E) is the number of Ch photons emitted per unit path by an electron with energy E, equal to
where Y 0 = 172 photons per g cm −2 for wavelengths λ = (300-400) nm. The scattered Ch light has been discussed by us in detail in [5] , and equals
where ρ(X i ) is the air density at X i , λ a (X i ) is the light attenuation length, f s (θ ) is the angular distribution of the scattered light, T (X , X) is the fraction of photons produced at X arriving at X i , F r[X (s, h)] is the effective fraction of electrons emitting Ch light at given level and l av i is the average path length (in metres) of Ch photons in shower length element l i (being slightly larger than l i ).
The procedure proposed here to find the shower cascade curve N(X(s)), having as data n i (assuming that the atmosphere scattering properties are known one can deduce these values from the number of photons arriving at the individual pixels) and assuming that the shower geometry is known, i.e. the distance of its core to the detector and the zenith and azimuth angles (knowing atmosphere and shower geometry are separate experimental problems), is the following:
(i) first guess the initial values of N max and X max for the minimizing procedure: X max as the depth of the mth pixel with the maximal signal, and N max calculated from (8) , with i = m and dE dX taken for s = 1 (we neglect first Ch light); (ii) having X max , the dependence X(s) is determined from (1); (iii) from the straight line σ 1 (X max ) in figure 6 (fitted to the points without any weights)
we find the initial value of σ 1 ; (iv) from the line in figure 7 σ 2 = 0.0340 + 0.7682 σ 1
we find the initial value of σ 2 ;
(v) and finally, having all the necessary initial parameters, one can calculate the expected number of photons, to be detected by the individual pixels, and compare them with the measured ones. Using a minimizing procedure the four best fitting parameters can be found.
In principle the reconstruction possibilities of the above procedure should not depend on the fraction of Ch admixture, as it can be very well predicted (its both components-direct and scattered) once the adopted shower age is correct. So, it can be used to the showers with a large Ch fraction, i.e. to their parts deep in the atmosphere and/or to those inclined by (relatively) small angles to the telescope line of sight. So, the Ch light, treated so far as a nuisance in the fluorescence experiments (to get rid of it an iteration procedure has been applied, working properly only if that fraction is small), can be an additional information, helping in finding shower cascade curves.
Conclusions
Based on shower simulations (with the CORSIKA program) we show that all large showers are similar when described by the shower age parameter s. This means that electrons in all of them have the same shapes of the energy distributions at levels with the same age s. They also have the same shapes of the angular distribution, this being, however, a consequence of the fact that electrons of a given energy have an angular distribution independent of s (i.e. the same everywhere in the shower). These distributions do not fluctuate from shower to shower as long as the number of particles in the energy-and angle-bins is large, what is well fulfilled in showers in the consideration here (above, say 10 18 eV). They do not depend on the primary particle, neither on its mass nor on energy. The independence of the primary mass means that our conclusion about the similarity of showers is independent of the interaction model (unless, perhaps, the reality is completely different from our models).
The total number of particles (for a fixed primary energy) does, however, fluctuate to some extent from one shower to another, but when expressed as a function of s, these fluctuations are quite small (e.g. N max fluctuates very little, mainly due to the small, changing admixture of muons). We have found that each shower curve N(s) can be very well described by a four-parameter analytical curve-two halves of the Gaussian distributions with two different widths. Finding the correlations between the parameters (σ 1 with X max , and σ 2 with σ 1 ) we are able to propose a procedure for reconstructing large showers observed from the side by telescope detectors, designed to measure the fluorescence light excited in the atmosphere by the shower particles. Thanks to the similarity of the showers, both the fluorescence and the direct and scattered Cherenkov light fluxes can be accurately predicted for any adopted N(X(s)) and compared with experimental results in order to find the best N(X).
We have also studied the lateral distributions of electrons [9] and found that, when the lateral distance is expressed in the Moliere unit at the considered level, these distributions depend also on the age parameter only. This problem will be studied in our future work. 
